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F R I C T I O N  D R A G  I N  V I S C O E L A S T I C  F L U I D S  
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A model  descr ip t ion  of the nea r -wa l l  turbulent  fluid flow with s t r e s s  re laxa t ion  and a f t e r -  
effect  is p roposed .  It is shown that  a l a rge  reduct ion in the f r ic t ion drag  and heat  t r a n s f e r  
occurs. 

Much l i t e r a tu r e  (see the s u rvey  [1]) has  been devoted to exper imenta l  invest igat ions of turbulent  
v iscous  fluid flows to which have  been added m a c r o m o l e c u l a r  compounds,  long f ibers ,  etc.  Among the 
d i v e r s e  viewpoints on the r easons  for  these  phenomena,  the hypothesis  about the governing ro le  of the 
e las t ic  p r o p e r t i e s  of such solut ions has  gained g r e a t  popular i ty ,  s t a r t ing  with the ea r ly  exper imenta l  r e -  
s e a r c h e s  [2-4]. 

It is known that  upon the addition of p o lymer s  to a bounded turbulent  s t r e a m ,  the turbulence c h a rac -  
t e r i s t i c s  nea r  the walls undergo a fundamental  change while they va ry  insignif icantly fa r  f rom them.  In- 
ves t igat ions  of viscous  fluid turbulence  [5-14] a lso  indicate the leading ro le  of the nea r -wa l l  zone. The 
smooth l amina r  flow with quas i -pe r iod ic  spat ia l  c h a r a c t e r i s t i c s  being fo rmed  h e r e  is subjected to abrupt  
d is tor t ions  C explosions")  suff icient ly r egu la r ly .  Chaotic turbulent  pulsat ions a lso  or ig inate  during these  
"explos ions ."  A schemat i c  descr ip t ion  of such a se l f -osc i l l a t ing  p r o c e s s  of a viscous fluid flow (in the 
"viscous  sub layer"  domain) had a l ready  been p roposed  compara t ive ly  long ago [5, 15, 16]. An analogous 
schemat iza t ion  is used h e r e  to de s c r i be  the flow of a v i scoe las t i c  fluid. 

External  Turbu lence .  In descr ib ing  s teady developed turbulent  flow, i ts  whole domain can be sep-  
a ra t ed  into two zones r a t h e r  conditionally.  The  external  domain, f a r  f rom the wall,  has  a l a rge  sca le  
s t r u c t u r e  independent of the spec i f ic  fluid p r o p e r t i e s  (viscosity,  e las t ic i ty ,  etc.) .  A theore t ica l  d e s c r i p -  
tion of this zone is difficult because  of the s t rong nonl inear  in te rac t ion  between the turbulent  motions of 
the var ious  s ca l e s .  However ,  at d is tances  a lso  fa r  f rom the outer  edge of the s t r e a m  (from the center  of 
the pipe) the total  mean  shea r  s t r e s s  becomes  constant  and equal to the s t r e s s  at the wall, and the fo rm of 
the mean  veloci ty  p rof i le  is de te rmined  by dimensional i ty  considera t ions  

2.5 In z + + B. (1) 

The fluid is hencefor th  cons idered  incompres s ib l e ,  and the s y s t e m  of m e a s u r e m e n t  units is se lec ted  
such that the densi ty  is  p = 1. The dynamic veloci ty  u .  and the v i scos i ty  coeff icient  u hence fo rm a com-  
ple te  se t  of quanti t ies with independent d imensional i ty  and it is convenient to make  all the quanti t ies di-  
mens ion le s s  with the i r  aid.  The d imens ion less  c h a r a c t e r i s t i c s  obtained in such a way a r e  o rd inar i ly  
ma rked  with a c r o s s  (+) over  the app rop r i a t e  dimensional  l e t t e r  value.  Henceforth,  main ly  such dimen-  
s ionless  c h a r a c t e r i s t i c s  a r e  used and the c r o s s e s  a r e  omit ted to s impl i fy  the writ ing.  

The numer i ca l  coeff icient  2.5 is known f r o m  exper iment .  The coefficient  B can depend on the fluid 
p rope r t i e s ,  and takes  the following value for  a v iscous  fluid 

B,~ ~ 55. (2) 

~To the s a m e  end, a model  descr ip t ion  of the type [5, 15, 16] has  a l r eady  been cons idered  ea r l i e r  in [17-20]. 
However ,  no suff icient ly complete  quanti tat ive analys is  of the d rag  reduct ion has been obtained in these  
p a p e r s .  
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Dynamic Layer .  The rhcological  proper t ies  of the fluid play the governing role in di rect  proximity 
to the wall. For  a large  par t  of the t ime the flow here  is nonstat ionary and laminar ,  where the nonlinear 
pecul iar i t ies  in the fluid behavior are  important  principally in the fast stage of destruct ion of this smooth 
flow (in the "explosions").  Assuming the fast  stage of the "explosions" not to yield a noticeable contribu- 
tion to such mean charac te r i s t i c s  as the mean velocity and the mean rheological  s t r e s s  (see [5]), let us 
henceforth use simplified l inear  equations for their  computation. 

Many pa rame te r s ,  the frequency of the explosions, say, remain  undetermined in the solution of the 
l inear  problem. Additional "splicing" conditions for the mean charac te r i s t i c s  in this dynamical  zone and 
in the domain of external turbulence permi t  calculation of their  magnitude in such a description.  

Let us descr ibe  the flow of a v iscoelas t ic  fluid in the near-wal l  dynamical  layer  by one-dimensional  
l inear  equations 

Ou _ &s l-P, I -, O-c)[. a : :  1 I ~,O- 
o t  & ~ , , ~ z "  (3) 

The p r e s s u r e  gradient  P is considered constant here .  For  an elast ic fluid 

o > 0 ;  l > v > 0 ,  (4) 

where the "elast ic  s t r e s s"  is proport ional  to 1 - - y  and T0 is the t ime of the af ter  effect [21]. 

The simplified equations (3) can be used to descr ibe  the smooth stage of flow development, but not at 
the t ime of the "explosions:" Let us consider  that the sys tem again a r r ives  in the initial state each t ime 
as a resul t  of the instantaneous "explosions" occurr ing at random t imes .  

Then if the "explosions" occur  independently, the s ta t ionary random p rocesses  u(t, z) and (r(t, z) 
will be Poisson p rocesses  with mean charac te r i s t i cs  of the form 

'i .([ (z) > -T- . exp U - l / T )  [(z, t1 dr, (5) 

0 

i . e . ,  the mean charac te r i s t i cs  of the dynamical layer  a re  obtained by a Laplace t ransformat ion  of the in- 
stantaneous values.  

After  each "explosion"theturbulent  mixing process  includes the whole flow domain down to the wall. 
Hence, constant values of the velocity and the tangential s t r e s s  can be given as the s implest  initial condi- 
tions for (3). Together  with the boundary conditions they will be 

u(z, 0 ) : - : U  o, o(z, 0 ) : - : X ,  u(0, 0 = 0 ,  [ u l < o o .  (6) 

The appearance of a nonzero initial s t r e s s  is due to the elast ic  proper t ies  of the fluid, and since the e las -  
tic s t r e s s e s  a re  proport ional  to 1 - - y  in the case  under consideration,  then 

X 5(1 ..~,) (7) 

with a number 5 on the o rder  of one. 

The solution of the sys tem (3), (4), (6) resul ts  in the formulas  

(tt(z) > ..... U(I .... exp (--l,.z)), (8) 

0 U 
< G (z) ,~ . . . .  Y, -I.- T q- 0 -~-f-- exp (-- ~z), (9) 

( T Q - O  ) '/2 (10) 
U := U o - t -PT,  ~tTl/2 = T -{- "~0 " 

Fur thermore ,  f rom the assumption about the constancy of the total s t r e s s  in the dynamical  layer  
(this is charac te r i s t i c  for developed turbulence when the thickness of the dynamical  layer  is very  much 
less than the pipe radius),  there  follows that the sum of the rheological  s t r e s s  <~> and the turbulent Rey-  
nolds shear  s t r e s s  < u '  v'  > equals the s t r e s s  on the wall, i . e . ,  

< ~ (z))  - -  ( u'v' ) = ,1. (11) 

The Reynolds s t r e s s  vanishes for z = 0 and taking account of (9), we have the following relationship 

f rom (11) 
U/IxT -I- OY/(T ~- 0) = 1. (12) 
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Sp l i c ing  C o n d i t i o n s .  O the r  r e l a t i o n s h i p s  be tw e e n  t h e s e  p a r a m e t e r s  a r e  ob ta ined  f r o m  the  cond i t ions  
of s p l i c i n g  the  d y n a m i c a l  l a y e r  and the  e x t e r n a l  t u r b u l e n c e  d i s t r i b u t i o n s  

/ O u , .  [ " 

z l " \ O - - ~ L = o = 2 . 5 l n z , +  B, ( ,~(zl)> = % ;  (13) 

(u(z~)}  2 . 5 1 n z 2 + B ,  <a(z2) > = % .  

T h e  f i r s t  po in t  z 1 (the po in t  of i n t e r s e c t i o n  b e t w e e n  the  l i n e a r  a s y m p t o t e  v a l i d  in d i r e c t  p r o x i m i t y  to  
t he  wa l l  and the  l o g a r i t h m i c  p r o f i l e  of  the  e x t e r n a l  t u r b l e n c e  (1)) i s  a l s o  c h a r a c t e r i s t i c  by  the  fac t  tha t  the  
t h e o l o g i c a l  s t r e s s  (v i scous  f r i c t i o n  in  a v i s c o u s  f luid) a t  t h i s  po in t  i s  a p p r o x i m a t e l y  equa l  in  m a g n i t u d e  to 
the  R e y n o l d s  s h e a r  s t r e s s .  In c o n f o r m i t y  wi th  (11), the  a s s u m p t i o n  about  t h e i r  e x a c t  equa l i t y  r e d u c e s  to 
the  s e c o n d  f o r m u l a  in  (13) wi th  

% = I/2. (14) 

Hence ,  a t  the  po in t  z 2 w h e r e  the  v e l o c i t i e s  of the  d y n a m i c a l  l a y e r  (8) and the  e x t e r n a l  t u r b u l e n c e  (1) 
a r e  equa l ,  the  v i s c o u s  s t r e s s  a l s o  t u r n s  out to  be  c o n s t a n t  in the  c a s e  of a v i s c o u s  f lu id ,  i . e . ,  the  four th  
r e l a t i o n s h i p  in  (13) i s  s a t i s f i e d  a u t o m a t i c a l l y  and 

% ~ 0.164.. .  (15) 

S ince  the  po in t  z 2 i s  t he  e x a c t  o u t e r  b o u n d a r y  of the  d y n a m i c a l  l a y e r ,  i t  can  then  be  e x p e c t e d  tha t  
t h i s  cond i t ion  wi l l  b e  i ndependen t  of the  s p e c i f i c  p r o p e r t i e s  of the  f lu id ,  j u s t  a s  the  o t h e r  p r o p e r t i e s  of t he  
e x t e r n a l  t u r b u l e n c e .  On th i s  b a s i s  (14) i s  a s s u m e d  Valid even  fo r  a v i s c o e l a s t i c  f lu id .  

In sum,  u s i n g  (8), (9), (13)-(15),  we ob ta in  

z h := ~t-~{ln [T -!- 0 - -  6 (1 - -  1') 0] - -  In [ (T - -  0) % - -  5 (1 --- ?) 0]}, (16) 

U .... 2.5 In (z.,jQ)[l .... I~zl - -  exp (--,uz2)l -~, (17) 

B : (jUz, - 2.5111z, (/e -: 1, 2). (18) 

T h e  r e l a t i o n s h i p s  (7), (12), (16), (17) p e r m i t  the  d e t e r m i n a t i o n  of  T a s  a func t ion  of  0 and ~/. In 
t u rn ,  fo r  a known T f o r m u l a  (18) p e r m i t s  f inding  B and t h e r e b y  the  c o m p l e t e  d e t e r m i n a t i o n  of t he  d i s t r i -  
bu t ion  (1). I n t e g r a t i n g  t h i s  d i s t r i b u t i o n  o v e r  t he  c r o s s  s e c t i o n  of a c i r c u l a r  p ipe ,  we ob t a in  a f o r m u l a  fo r  
the  t u r b u l e n t  f r i c t i o n  d rag~  (q i s  t he  m e a n  d i s c h a r g e  v e l o c i t y  of the  f luid) 

]/-8/1---~ :-: 2.5 In (Re|'r')~/32) ! B - -  3.75, (19) 

Re -" 2qr, )~ ---- 8/q'-'. (20) 

In the  c a s e  of a v i s c o u s  f lu id  t he  c o e f f i c i e n t  B i s  h e r e  g iven  by  (2) and in the  c a s e  of a v i s c o e l a s t i c  f lu id  
by  (18). T h e  quan t i t y  B in t e r m s  of  the  d i m e n s i o n l e s s  p a r a m e t e r  0 h e n c e  t u r n s  out to  be  dependen t  on the  
d y n a m i c  v e l o c i t y  u , .  In o r d e r  to  go o v e r  to  a d e p e n d e n c e  of B on Re  and ~ ,  i t  i s  conven ien t  to i n t r o d u c e  
the  new d i m e n s i o n l e s s  c h a r a c t e r i s t i c  

7 :=r/(2 ],'0~); I '-0-~: (Re/(2~)) l '  ~/32. (21) 

T h e  d i m e n s i o n l e s s  c h a r a c t e r i s t i c  r i s  i ndependen t  of  the  quan t i t y  u .  and i s  e x p r e s s e d  by  ~ =  r / ( 2  
gT-0) in t e r m s  of  t he  d i m e n s i o n a l  c h a r a c t e r i s t i c s .  

T h e  f low wi l l  d i f f e r  s l i g h t l y  f r o m  the  v i s c o u s  when the  d i m e n s i o n l e s s  p a r a m e t e r  0 i s  s m a l l .  Hence  
T / 0  >> 1 and the  p r e c e d i n g  f o r m u l a s  can  be  w r i t t e n  in the  f o r m  of the  e x p a n s i o n s  (22) 

z~.~ 11.6-i- 0.14~(1 - - ? ) 0  ~- . . .  

z 2 ,.~ 30.3 -i 0.526 (1 - -  ~) 0 -~-.. .  

U ~ | 7 7 " ~  16.8 -'-0.156(1 - - ? ) 0  '- . ,  

B ~ 5,5 -',- 0.136 (1 - -  ?) 0 -:i- -. �9 

Wi th in  the  f r a m e w o r k  of the  s a m e  a c c u r a c y ,  we h a v e  fo r  the  d r a g  coe f f i c i en t  

k,O. o ~. 1 - -  0.00076 (1 --- ?)k~/2 (Re/r) 2, (23) 

w h e r e  k 0 i s  the  d r a g  c o e f f i c i e n t  of a v i s c o u s  f lu id .  

? F o r  s i m p l i c i t y ,  t he  p r o f i l e  (1) i s  c o n s i d e r e d  to  ho ld  down to t he  p i p e  ax i s  a l though ,  s t r i c t l y  speak ing ,  i t  
i s  not  t r u e  t h e r e .  J u s t  t he  s a m e  as  n e g l e c t i n g  d e t a i l s  of the  v e l o c i t y  d i s t r i b u t i o n  in the  d y n a m i c a l  l a y e r  
fo r  z 2 << r ,  t h i s  does  not  i n t r o d u c e  a l a r g e  e r r o r  in (19). 
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T A B L E  1. 
V i s c o e l a s t i c  F l u i d  wi th  L a r g e  A f t e r e f f e c t  

2' 1 

Z2 

0,85 

35,5 

163 

1870 

26,5 

L i m i t  Va lues  of  t h e  P a r a m e t e r s  zl ,  z2, T and  B in a 

0,91 

18,8 

59,3 

615 

11,5 

0,94 

15,4 

44,6 

440 

8,5 

0,97 

13,3 

36,2 

345 

6,8 

0,88 

24,2 

86,6 

950 

16,3 

1,0 

11,6 

30,3 

282 

5,5 

It  i s  s e e n  f r o m  the  f o r m u l a s  p r e s e n t e d  tha t  in t he  p r e s e n c e  of e l a s t i c i t y  and fo r  6 ~ 0 the  r e s i s t a n c e  
to  the  f luid f low i s  r e d u c e d ,  t he  t h i c k n e s s  z 1 of t he  " v i s c o u s  s u b l a y e r , "  the  t h i c k n e s s  z 2 of the  " t r a n s i t i o n  
l a y e r , "  the  p e r i o d  T of  d y n a m i c a l  l a y e r  p u l s a t i o n  (the t i m e  b e t w e e n  " e x p l o s i o n s " )  and  the  c o e f f i c i e n t  B of 
the  v e l o c i t y  p r o f i l e  i n c r e a s e .  

In the  o p p o s i t e  c a s e  of s m a l l  T / e  t h e r e  a r e  t h r e e  d i s t i n c t  p o s s i b i l i t i e s .  As  T / e  d e c r e a s e s ,  the  quan -  
t i t y  z 2 g r o w s  o r  can  b e c o m e  in f in i t e  fo r  s o m e  m i n i m u m  va lue  ( T / 6 ) m i  n = P / ~ 2  > 0 o r  r e a c h e s  a f in i t e  m a x -  
i m u m  va lue  f o r  T / e  = 0 o r  g r o w s  wi thout  l i m i t  a s  T / e  --" 0. 

In t h e  f i r s t  c a s e  t he  a s y m p t o t i c a l l y  s i m p l i f i e d  f o r m u l a s  a r e  f o r  5 = 1 

z~ ~ B  ~:2.1 [."-P(~ U .... 1.1 ]/ 'T-.~ 2.3 ]//5-~(, )~ ..... 15r/Rel, -13~ (24) 

w h e r e  P = 1 - - o z 2 - -  7 > 0 h e r e .  

If  P = 1 - -  ~ 2 - -  "/ < 0, then  both z 2 and the  o t h e r  q u a n t i t i e s  r e a c h  f in i t e  l i m i t  v a l u e s  fo r  T/C = 0 

[:; : _~U l . (1  .... ],,(2v)) ~, ~ .... U h l ( - / - ' , , " ~ , )  1, 

U :  : 2 . 5 { ( 1  ..... a.,.)/7 ',- IH (1 - 1,/(2",,,).)} l u  [h~ ( -- P/~,)/IH (1 - .  1/(2~,))1, ( 2 5 )  

~.  u'-/~,, /~;-..: z-~ .... 25 h~z:. 
N u m e r i c a l  v a l u e s  of t h e s e  c h a r a c t e r i s t i c s  a r e  p r e s e n t e d  in  t he  t a b l e  f o r  c e r t a i n  ~/. S ince  B r e a c h e s  

t he  l i m i t  v a l u e  B h e r e ,  then  the  l i m i t  d e p e n d e n c e  of ~ on Re  wi l l  b e  a n a l o g o u s  to  t he  d e p e n d e n c e  in  a v i s -  
cous  f lu id  but  wi th  c o n s t a n t  B in  p l a c e  of B 0. The  f o r m  of t h i s  a s y m p t o t e  i s  e v i d e n t l y  i ndependen t  of the  
p i p e  r a d i u s  in c o n t r a s t  to  what  ho lds  in  (24). 

F i n a l l y ,  i f  T / 0  = 0 i s  a s i n g u l a r i t y  of the  d e p e n d e n c e  z 2 = z 2 ( T l O ) ,  t hen  an  i n t e r m e d i a t e  t ype  of  b e -  
h a v i o r  ho lds  (curve  5 in F ig .  1 and the  d a s h e d  c u r v e s  in F i g .  2 c o r r e s p o n d  to th i s  c a s e ) .  

In o r d e r  to  d e t e r m i n e  the  b e h a v i o r  of t he  c h a r a c t e r i s t i c s  u n d e r  c o n s i d e r a t i o n  fo r  i n t e r m e d i a t e  v a l u e s  
of  the  p a r a m e t e r s  0 and T / 0 ,  n u m e r i c a l  c o m p u t a t i o n s  w e r e  p e r f o r m e d  u s i n g  (8) ,  (9), (16)-(21).  T h e  r e -  
s u l t s  of t h e s e  c a l c u l a t i o n s  a r e  p r e s e n t e d  as  g r a p h s  in  F i g s .  1-4  fo r  6 = 1. 

2 0 -  - -  f . 

to ~ 4 

0 50 100 150 ~0 ~r~ 

Fig .  1. D e p e n d e n c e  of  the  n u m e r i c a l  p a r a m e t e r  B 
on ~Fe + f o r  the  v a l u e s  ~ = 0 (1); 0.5 (2); 0.75 (3); 
0.83 (4); 0 . S 3 5 S . . .  (5); 0.85 (6); 0.88 (7); 0.91 (8); 

0.94 (9); 0.97 (10). 
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10 ,r I~3 "~ /08 ~e 

Fig. 2. Curves of the drag k(Re, ~, 7) for ~equal to150 
and 40, and 7 = 0; 0.5; 0.75; 0.83; 0.8358...; 0.85; 0,88; 
0.91; 0.94; 0.9?. The drag curves of turbulent friction 
for a viscous fluid and for a viscoelastic fluid with 7 
0.8358. , .  andT = 0 a re  drawn dashed. 

D I S C U S S I O N  O F  R E S U L T S  

The behavior of B is i l lustrated in Fig. 1. It should be noted that it is impossible  to at tr ibute grea t  
value to the asymptot ic  behavior of both B and the other charac te r i s t i c s  for e >> 1 since for high elast ici ty 
the simplified descr ipt ion under considerat ion by using the l inear equations (3) is too rough. 

It is seen f rom the drag curves in Fig. 2 that the cr i t ical  value of the Reynolds number corresponding 
to the beginning of the drag reduction effect which increases  as the pipe radius increases ,  depends on the 
magnitude of the pa r ame te r  0. The slope of the reduced drag curve relat ive to the viscous fluid drag curve 
depends on the magnitude of the pa r ame te r  ~/~ 

The change in the mean velocity profi le  in a v iscoelas t ic  fluid is shown in Fig. 3. The profi le  with 
T/20 = 500 is close to the profi le  of a viscous fluid independently of the quantity 7 .  As T/2e  decreases  

u+ f 

30 " / 

10 " j  I~ I 
0 18I IOZ Z+ 

Fig. 3. Mean velocity profi les for T+/0 + = 103 (curve 
1), T+/~ + = 6 and ~ = 0 .8358. . .  (curve 2), T+/0 + = 6 
and T = 0 (curve 3). The points correspond to z + = z~. 
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Fig .  4. D e p e n d e n c e  of t he  
R e y n o l d s  s t r e s s  < u+ 'v  +' > 
on the  d i s t a n c e  to  t he  wa l l  
f o r  T = O and T + / 0  + = 103 
( cu rve  1), 20 (3), 10 (4), 6 

(5) and  f o r  T = 0.8358 . . . .  
T + / 8  + = 6 ( cu rve  2). 

f o r  T ~ 1 the  p r o f i l e  b e c o m e s  s o m e w h a t  m o r e  f i l l ed .  A g r e a t  d i f f e r e n c e  f r o m  the  v i s c o u s  p r o f i l e  ho lds  
fo r  s m a l l  T and  T / 2 0 .  

F i n a l l y ,  F ig .  4 i l l u s t r a t e s  how the  R e y n o l d s  s t r e s s e s  change  in  the  c o n s t a n t  to ta l  s t r e s s  l a y e r  a s  
T / 2 0  and 3' change .  I t  i s  h e n c e  s e e n  t ha t  s u p p r e s s i o n  of  t h e  R e y n o l d s  s t r e s s e s  o c c u r s  a s  t he  f lu id  r e l a x -  
a t i o n  t i m e  g r o w s .  

A c o m p a r i s o n  b e t w e e n  the  r e s u l t s  ob t a ined  and the  r e s u l t s  of e x p e r i m e n t a l  i n v e s t i g a t i o n s  of t u r b u -  
l en t  f lows of p o l y m e r  s o l u t i o n s  [1, 22-24] i n d i c a t e s  they  h a v e  much  in c o m m o n  q u a l i t a t i v e l y .  H o w e v e r ,  a 
f ina l  q u a n t i t a t i v e  c o m p a r i s o n  i s  s t i l l  d i f f i cu l t  s i n c e  the  r h e o t o g i c a l  c h a r a c t e r i s t i c s  of  t h e s e  s o l u t i o n s  a r e  
not  known in the  m a j o r i t y  of c a s e s .  

T h e  c a s e  6 ~ 1 fo r  6 ~ I i s  not  d i f f e r e n t ,  in  p r i n c i p l e ,  f r o m  the  c a s e  6 = 1. In s u b s t a n c e ,  the  d i s -  
t i n c t i o n  r e d u c e s  to  a change  in t he  d e p e n d e n c e  on T .  H o w e v e r ,  the  s i t u a t i o n  i s  d i f f e r e n t  fo r  5 = 0, i . e . ,  
when the  i n i t i a l  s t r e s s  B i s  m i s s i n g . *  Hence ,  (12), (16)-(18) b e c o m e  

z~ : :  2.61z L := 1.81T/U, U == U o .... 168, (26) 

27"--= {U~---- O-j- I , (U~  - -  O)" -',- 4?OU~ }, 

B .... B,,--2.5 hi (T/Uo), 

f r o m  which  T < T O = U~ and 8 T / a 0  < 0 fo l low,  i . e . ,  the  p e r i o d  of n e a r ' w a l l  l a y e r  o s c i l l a t i o n  t u r n s  out to  
be  l e s s  than  the  p e r i o d  of l a y e r  o s c i l l a t i o n  in a v i s c o u s  f lu id  and d r o p s  a s  the  e l a s t i c i t y  g r o w s .  And z 1 and 
z 2 d i m i n i s h  c o r r e s p o n d i n g l y .  A s  r e g a r d s  t h e  d r a g  c u r v e s ,  t hey  then  h a v e  the  s h a p e  fo r  k = 0, of c u r v e s  
go ing  o v e r  f r o m  v i s c o u s  type  d r a g  c u r v e s  to  a s y m p t o t i c s  of  the  f o r m  

~ 2 (8uT/~e)". (27) 

Such a n a t u r e  fo r  the  b e h a v i o r  of zi ,  z2, T and k is  s h a r p l y  d i f f e r e n t  f r o m  what  i s  o b s e r v e d  for  

p o l y m e r  s o l u t i o n s .  

Hea t  T r a n s f e r .  In  c o n c l u s i o n ,  w i th in  t he  f r a m e w o r k  of  t he  m o d e l  d e s c r i p t i o n  of t u r b u l e n c e  u n d e r  
c o n s i d e r a t i o n ,  l e t  us  d i s c u s s  o t h e r  t r a n s f e r  p r o c e s s e s .  T h e  p r o f i l e  of  a p a s s i v e  i m p u r i t y  c o n c e n t r a t i o n  

( t e m p e r a t u r e ,  
i t h m i c  f o r m  

say)  in the  e x t e r n a l  d o m a i n  of a d e v e l o p e d  t u r b u l e n t  s t r e a m  Re  >> 1, P e  >> 1 has  the  l o g a r -  

A c In z + -~- B c (28) 

e x a c t l y  a s  the  m e a n  v e l o c i t y  p r o f i l e  (1)~ 

T h e  c o n c e n t r a t i o n  p r o f i l e  wi th in  the  o s c i l l a t i n g  d y n a m i c  l a y e r ,  m e a s u r e d  f r o m  the  c o n c e n t r a t i o n  at  
the  w a l l s ,  h a s  a f o r m  a n a l o g o u s  to  (8): 

( c ~ ) = ] / ~ - T  (1--  exp ( - -  z V-Pr/T)). (29) 

* N a m e l y  t h i s  c a s e  Z = 0 was  d i s c u s s e d  in  [18-20] .  
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If the point z 2 is taken as the junction of the distributions (28) and (29), then we obtain the following 
formula  for B c 

B e := V Pr T (1 - -  exp ( - -  z~ V PrlT)) - A ~ In z~, (30) 

which prac t ica l ly  reduces  to the relat ionship 

B ~ z [/Pr T (31) 

by vir tue of the values of the pa r ame te r s  entering therein.  

This same  relat ionship is indeed obtained for a smooth m e r g e r  of (28) and (29). 

The formula  for the heat t r ansmiss ion  coefficient St becomes 

)~/8 / Z (32) 
St I /  

0.4X-i- (B ~ - -  0.4A~B)I ''~.--~ | /  8T Pr 

f rom which it is seen that an abrupt reduction in the heat t r ansmiss ion  coefficient occurs  simultaneously 
with the diminution in the fr ict ion drag.  The deductions of experimental  investigations of heat t r a n s m i s -  
sion in po lymer  solutions [25] agree  qualitatively with the predict ions following f rom (28)-(32). 

X 

Z 

Z - - Z  1 

Z = Z 2  

t 
T 
P 

8 

T 
U 

ff 

UO, Z 
P 
U ,  

< U~V ~ > 

Re 

P r  
St 

Pe 

O~l, O~2, B0, (5 

z + = z u , / v ;  
+ 

z i = z i u . / v  ; 
(i = 1, 2); 
r + -- r u . / v ;  

= r / ( 2 r  

t + = tu2. / .  ; 

T + = Tu2./v ; 

U + = U/U, ; 

; 

s = z /u2 ,  ; 

p+ = (dp/dx)u/u3. ; 

e+ = Ou2./. 

NOTATION 

Is the longitudinal coordinate; 
is the distance from the wall; 
is the viscous sublayer thickness; 
is the dynamic l ayer  thickness;  
is the t ime; 
is the period of dynamic layer  pulsation; 
is the kinematic  viscosi ty  coefficient; 
is the relaxation t ime; 
is the rat io between the af tereffect  and relaxation t imes;  
is the velocity; 
is the s t r e s s ;  
a re  the initial velocity and s t r e s s ,  respect ively;  
is the p r e s s u r e ;  
is the dynamic velocity; 
is the Reynolds s t r e s s ;  
is the Reynolds number defined by means of the mean flow ra te  velocity q and the pipe 
d iameter  2r; 
is the Prandtl  number;  
is the Stanton number;  
is the Peclet  number;  
a re  the numerica l  coefficients;  

a re  the corresponding dimensionless  values.  
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